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Model peak profile functions synthesized by convolutions of intrinsic pesk profiles with the instrumental
functions of powder X-ray diffractometers with conventional and synchrotron Xray sources are presented.
The validity of the model functions has been examined by comparing with the experimenta peak profiles
measured in different conditions. Not only the profiles produced by a priori calculation are in good coinci-
dence with the observed profiles, but the intrinsic peak positions are evaluated in advanced precision by ap-
plying a profile fitting method. The use of the convoluted model profile functions provides a convenient and
reliable way to estimate a lattice constant without use of any standard materials.

1. Introduction

Peak profile functions are mathematical mod-
els for the shape of the experimenta peaks, while
powder diffraction patterns are mainly specified
by the positions and intensities of diffraction
peaks. The experimental peak profiles are mod-
elled by convolutions of intrinsic peak profiles
with deformation caused by the instruments used
for the measurement. The convoluted model func-
tion enables precise extraction of information
about the intrinsic peak profiles, including the
integrated intensities, locations and widths of the
peaks, from experimental diffraction data.

The determination of crystal structure from
powder diffraction data is achieved by the follow-
ing steps: (i) indexing of each peak by hkl, (ii)
determination of peak location 2qn or interplanar
distance dn, and (iii) evaluation of integrated in-
tensity lng. The lattice constants a, b, ¢, a, band g
are determined from the series of interplanar dis-
tance {dw}, and the structural parameters, i.e.
locations and displacement parameters of atoms,
are evaluated from sufficient number of intensity
data {ln}, which is similar to the structure analy-
sis based on single crysta data. However, the
powder diffraction pattern corresponds to a pro-
jection of three-dimensional reciprocal lattice onto
one-dimension. It is often difficult to obtain accu-
rate {Ina} for closely located powder diffraction
peaks which may be heavily overlapped by the
projection, because each peak has finite width
caused by the spectral width of the beam source
and the finite resolution of instruments.
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Even if direct extraction of {In} is difficult,
the crystal structure can be refined by the Rietveld
method [1], provided that an appropriate structure
model is aready known. The most likely structure
is obtained by iterative calculation to minimize
the deviation of the calculated pattern from the
experimental one, the former of which is reaized
by the sum of the profile functions multiplied by
theintensities { I} calculated from the trial struc-
ture model. The accuracy of the structural parame-
ters determined by the Rietveld method depends
on the validity of the profile function as well as
the quality of the experimental data. The profile
function used in the Rietveld method may include
adjustable parameters to fit the experimental pro-
file. However, increased number of adjustable
parameters generally causes lower speed of con-
vergence in iterative calculation and also possibil-
ity of convergence to fault local minima. There-
fore, goodness of a profile function should be
judged not only by the fitness to observed profile
but also by the number of the required adjustable
parameters.

Profile functions are also used for direct
evauation of {l}, without structural models,
from the experimental powder diffraction pattern.
In principle, I can directly be obtained by the
integration of an experimental peak profile after
subtraction of background, but it is difficult to
precisely subtract background for peaks with long
tail, and additional errors may be caused by finite
cut-off of the integral range. Curve fitting method
based on an appropriate profile function supplies
an accurate and easy way to separate the peak
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from background and estimate intrinsic values of
integrated intensity, location and width of the
peak. Application of appropriate profile functions
is particularly important for the purpose of de-
composition of overlapped peaks by curve fitting
method. Accuracy of decomposition can be im-
proved by good fitness with minimum number of
adjustable parameters supplied by an ideal profile
function.

An appropriate profile function is not only
important for the evaluation of averaged crystal
structures as described above. It should be noted
that the information about the imperfection of real
crystals are intrinsically included in the experi-
mental diffraction peak profiles. In fact, signifi-
cant peak broadening is observed for smal crys-
tallites, when the diameter is smaller than about
100 nm, which enables the estimation of the size
of crystallites based on line broadening anaysis
[2]. However, as the resolution of a real diffrac-
tometer is finite, the correction of instrument-
induced line broadening is necessary for accurate
evaluation of line broadening, when the crystalite
is not very small. It means that the improved
structure analysis needs the description of the pro-
file parameters explicitly related to the geometry
of the instrument.

In this article, the mathematical models of the
instrumental functions and the model peak profile
functions for (1) the most commonly used diffrac-
tometers with focal (Bragg-Brentano) geometry
and (2) a high-resolution synchrotron diffractome-
ter attached with crystal analyzer.The results of
experimental examination on the validity of the
models are al so presented.

2. Fundamental-par ameter s Approach

The fundamental-parameters approach, pro-
posed by Cheary et d. [3], is an attempt to express
the experimental powder diffraction peak in terms
of fundamental parameters with explicit physical
meanings, such as spectroscopic parameters of the
beam source, geometry of the optical components,
and the size and absorption coefficients of the
specimens. When the powder sample is well crys-
tallized and not too small in size, the profile func-
tion defined by the fundamental-parameters
method does not include any adjustable parame-
ters.

The diffraction peak profile function P(x) is
expressed by

P(x)= pAw,Aw, Aw,...w, (2.1)
where x means the diffraction angle in the angle-
dispersive measurement or the photon energy in
the energy-dispersive measurement; p(x) is the
spectroscopic profile of the beam source, and w;
(i= 1,...,n) denotes the aberration caused by the
instruments; the symbol A means the convolu-
tion defined by

fAge g, flx- yalyldy (22)

If it is necessary to include sample-induced peak
broadenings such as size broadening, those effects
can be taken into account as further convolution
with appropriate model functions.

Generally, there are three methods to calculate
the convolutions: (1) use of analytical solution or
approximate solution, (2) numerical integration,
and (3) Fourier transform. As any of those calcu-
lations often consume considerable time for com-
puting, it is practically important to improve the
efficiency of calculation by applying appropriate
algorithms.

Recently, the author has developed an effi-
cient agorithm for evauation of convolutions
based on numerical integral, and shown that it
satisfactorily works in profile fitting to isolated
peaks [4, 5]. The method needs explicit formula of
approximated primitive function of the target
model function to be convoluted. Following the
method, an accurate and smooth model profile
function can be systematically synthesized by
convolution without theoretical ambiguity.

3. Profile Function for Diffractometerswith
Focal Geometry

3.1. Model Function

In this section, the models of spectroscopic
profile and the instrumental aberration functions
for a commonly used diffractometer with focal
(Bragg-Brentano type) geometry (Fig. 1) and Cu
Ka X-ray source are described.

3.1.1. Spectroscopic Profile of Cu Ka Source

The spectroscopic profile of Cu Ka X-ray
source has been approximated by the weighted
sum of five Lorentzian (Cauchy distribution)
functions by Cheary et a. [3], while it has been
analyzed with four Lorentzian functions in a more
recent literature [4]. Practicaly, the approxima-
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tion by the sum of two L orentzian functions seems
to be sufficient [7], which is given by

o(x)=4 f,p, (xx.0,)

i=1

(3.1)

(32)

1 € ax-x.0
P (X %,0, )= é+ e
L(%%.9,) 0. & E g %

[wox Y e enid

1

X, =2arcsin

g = (EI)I—)I tan(xi /2) (3.4)
where f;, I, (DI ); are the intensity, wavelength
and the full width at half maximum (FWHM) of
the Ka; peak, with typica vaues of f=2/3,
f2=1/3; | 1=1.5405981 A, | 2=1.54443 A; (DI ), =
0.00058 A, (DI ),=0.00077 A [8].

Although the approximation for the spectro-
scopic profile of the X-ray source by Lorentzian
functions is naturally derived from a linear re-
sponse theory for resonant absorption/emission, it
seems that no decisive parameters for the real Cu
Ka radiation have been available. Furthermore,
effective values of those parameters may be var-
ied depending on the use of monochromator or a
pulse-height analyzer.

3.1.2. Fundamental Resolution of Diffractometer

As shown in Fig. 1, the line focus is used as
the X-ray source, while a receiving dlit is located
a the other focal point. Even though the X-ray
source has finite width along the equatorial direc-
tion, it is usually negligible because the width of
the receiving dlit is wider than the effective width
of the X-ray source. The fundamenta resolution
of the instrument is approximated by the ratio of

Soller Specimen Soler
slits slits

Divergence Scattering
slit slit

Beam
source

Receiving
slit

Fig. 1. Schematic illustration of a diffractometer with
most commonly used focal geometry.
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the receiving dlit W and the goniometer radius R.
It is assumed that the effect of the finite resolution
of the instrument on the diffraction profile is rep-
resented by the following Gaussian (norma dis-
tribution) function:

1 € ax ¢ U
WrlXgr) = pé=g—x U (3.5
beae)= g P 2
arctan(W, /R)
36
LY I (3.6)

The Voigt function is defined by the convolu-
tion of the Lorentzian and Gaussian functions. As
it is quite common that the energy dispersion in
the resonant absorption is described by the Loren-
tian function, as well as the spectroscopic effects
of the optics can be approximated by the Gaussian
function, the Voigt function is a very important
function in the field of spectroscopy, and has al-
ready been studied in detail [9]. A reliable ago-
rithm for evaluation of the Voigt profile proposed
by Poppe & Weijers, by which the partial deriva-
tives can also be evaluated, is available [10].

The pseudo-Voigt function is the approxima-
tion for the Voigt function with the weighted sum
of the Lorentzian and Gaussian functions.
Wertheim has reported that the deviation of the
optimized pseudo-Voigt function from the Voigt
function is a most 0.77% relative to the peak
height, and it is convenient for rapid computation
[11]. However, it should be noted that a frequently
used formula for the pseudo-Voigt function, fur-
ther approximated by Thompson et al. [12], shows
the maximum deviation of 1.2%, and may cause
considerable errorsin estimation of parameters.

Recently, the authors have proposed an ex-
tended formula of the pseudo-Voigt function ob-
tained by addition of two other functions with in-
termediate shape between the Lorentzian and
Gaussian functions [13]. The extended formula of
the pseudo-Voigt function typicaly needs 2.5-
times longer computation time as compared with
the formula proposed by Thompson et al., but the
deviation from the Voigt function becomes less
than 1/10.

3.1.3. Axial (Vertical) Divergence Effect

The experimental diffraction peaks generally
show asymmetric profiles, with longer tail in the
lower side for the low-angle diffractions. This
phenomenon is mainly ascribable to the diver-
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gence of the source and/or diffracted beam along
the rotation axis of the goniometer, which is
known asthe axial or vertical divergence effect.

Asshown in Fig. 1, acouple of Soller dlitsare
usualy located on both source and diffracted
beam sides of a diffractometer. Soller dlits are the
array of thin metal foils, and the axial beam diver-
gence is limited by the angle determined by the
ratio of the separation to the length of the foils.
The angular dispersion of the beam intensity lim-
ited by the Soller dits shows maximum at the d-
rection of the beam parallel to the equatoria
plane, and decrease by deviation of the beam. The
author has revealed an analytical expression of the
aberration function that mathematically describes
the deformation of diffraction profiles caused by
the axial divergence limited by the Soller dlits
[14].

When the angular dispersion along the axial
direction obeys the Gaussian distribution with
FWHM of F,, the axia-divergence aberration
function is given by

2 e 1620, é&e 15/4U

W, (z9,,t) = ——expe - 222k %, 1014

(29,1 P, & ton, 8 °E ten, b
(3.7)

where, g=F %/4 In 2, t=tan qo for the diffraction
angle 2qo and Ky(x) is the modified Bessel func-
tion of the second kind. The Bessdl function is
often implemented in computing systems, and
reliable numerical routines written in FORTRAN
and C-language are available [15]. Note that the
formula given by Eq. (3.7) is normalized for any
values of g, and t.

Figure 2 shows the dependence of the shape
of the axial-divergence aberration function upon
the diffraction angle. When the diffraction angleis
just 90° (t=1), the function shows symmetric

Fig. 2. Profiles of the axial divergence aberration
function.
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shape with singularity at z® 0, but has finite
width, which is clearly different from the Dirac
deltafunction. The lower-angle tail of the function
increases and the higher-angle tail decreases for
the lower diffraction angle (t<1), while an oppo-
site change in shape is shown for the higher dif-
fraction angle (t>1).

The FWHM F, for the axial divergence is
close to the open angle of the Soller dlits, but it
seems better to be optimized by profile fitting
procedures to the intensity data of diffraction
peaks collected for standard materials [7]. Once
the value of F is optimized, it can be treated asa
constant parameter specific to the instrument, as
far as the Soller dits are fixed to the diffractome-
ter.

As the models for axial divergence proposed
by Howard [16] and van Laar et al. [17] neglects
the divergence of the source beam, they cannot be
used for Bragg-Brentano type diffractometers de-
spite the suggestions by Finger et a. [18]. The
fundamental-parameters approach to the data col-
lected with focal geometry has become validated,
only after the above accurate formula of the axial
divergence aberration function has been reveal ed.

3.1.4. Flat-Specimen Effect

If the face of the specimen has the same cur-
vature as the focal circle, the reflections from any
points on the specimen face would have the same
diffraction angle. The use of specimens with flat
face causes an aberration, which is called the flat-
specimen aberration.

The effect of flat-specimen is schematically
illustrated in Fig. 3. It should be noted that the
goniometer (apparent) angle 2Q and the true dif-
fraction angle 2q are denoted by different sym-
bols. As shown in Fig. 3, the diffraction angle is
deviated to the higher angle when the reflection

Source Detector
©

rrr7r7 7477 [ZIRT7777
26 e

Specimen

Fig. 3. Fat-specimen effect. The diffraction angle
2q is always higher than the goniometer angle 2Q.
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H 0
Fig. 4. Profile of the flat-specimen aberration function.

point is displaced from the center of the specimen.
Therefore, dbserved peak profiles have longer tail
on the lower-angle side, and the average peak po-
sition is aso shifted to lower values.

The simplest model for the flat-specimen ab-
erration function is given by

1//- ,for-g, <y<0o,
W, (y;gH)=_|_]/ 49y, for-g, <y
1 0, elsewhere (3.9

F 2
9y =5
2tang,
where Fy is the open angle of the divergence/
scattering dlits[3, 7].

Figure 4 shows the shape of the flat-specimen
aberration function. It always shows longer tail on
the lower-angle side, and it becomes more signifi-
cant for the lower diffraction angles.

3.1.5. Effect of Sample Transparency

Although the effect of sample transparency is
not significant for the samples with high absorp-
tion coefficient, the penetration of the X-ray can
cause considerable aberration especially in case of
organic compounds. As shown in Fig. 5, the re-
flection from the point deviated from the face of
the specimen aways takes higher diffraction an-
gle, which causes growth of the lower angle tail in
the apparent diffraction peak profile.

The sample-transparency aberration function
isgiven by

(3.9)

g# exp(u/gT )’ for - u; <u<0,

i
W Ug, U ) =
- lugnur) :o0 elsawhere (3.10)
gr =sin2g,/2nR, (3.11)
Ur=wrCoqo/R (3.12)

where mis the linear absorption coefficient and T
the thickness of the sample[5].
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Fig. 5. Sample-transparency effect. The diffraction angle
2q is aways higher than the goniometer angle 2Q.
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Fig. 6. Profile of the sample-transparency aberra-
tion function.

It should be noted that the function is not gen-
erally normalized except the case when the thick-
ness of the specimen can be treated as infinity. As
the reduced reflection intensity of a thin sample
with high transparency is taken into account in the
above formula, the change of intensity caused by
the finite thickness of the sample can be automati-
cally corrected by applying a model profile func-
tion convoluted with the above aberration func-
tion.

A typical shape of the aberration function is
shown in Fig. 6. It causes lower-side tail for peaks
a any diffraction angles, and the maximum
asymmetry occurs at the diffraction angle of 90°
for an infinitely thick specimen.

3.2. Experimental Examination of theInstru-
mental Model for Focal Geometry

The validity of the instrumental model has
been examined by profile fitting with the model
profile function described in the preceding section
to the experimentally obtained diffraction pat-
terns. The measurement was conducted with a
commercia powder X-ray diffractometer (Rigaku,
RINT-2100V) with Cu Ka X-ray source and a
curved graphite monochromator on the diffracted
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beam side. The axia divergence angle used for
analysis was 3.1°, which had been optimized by a
preparatory measurement. The values of other
instrumental parameters (goniometer radius, open
angle of the divergence/scattering dlits, width of
the receiving dlit) are assumed to be equivalent to
those specified for the diffractometer. The tem-
perature was kept at 299(1) K during the meas-
urements. The standard reference material LaBs
(NIST, SRM660), the lattice constant of which is
4.15695(6) A at 299 K, was used as the sample.

3.2.1. Profiles Dependent on Divergence/Scat-
tering Sit Angle

The experimental diffraction peak profiles
was varied by changing the divergence/scattering
dit angles as F 4=0.5, 1, 2°. Figure 7 shows the
results of profile fitting by the profile function
based on the fundamental-parameters approach to
the experimental profiles of 111-reflection, meas-
ured with three different divergence/scattering dlit
angles. The fitting parameters used here are the
integrated intensity, peak location and the con-
stant background, which means that no adjustable
profile parametersto fit the peak shape are used in
the current profile fitting. Nonetheless, the sys-
tematic change in the profile on variation of the
open angle is considerably well reproduced by the
model profile function. The vertical arrows
marked in Fig. 7 show the peak positions obtained
by the profilefitting. The estimated peak positions
are fairly well coincided, while the apparent peak-
top position is considerably shifted for wide open
angles of divergence/scattering dits, which sup-
ports that the intrinsic peak position unaffected by
the instrumental conditions can be evaluated by
this profile fitting method.

As LaBgs belongs to the cubic system, the lat-
tice constant is directly calculated from the posi-
tion of each diffraction peak 2qq asfollows,

h* +k? +1?

2sinq
Figure 8 plots the apparent lattice constant ay,s for
24 diffraction peaks, 100 to 511/333-reflections.

The apparent lattice constant ags clearly
shows systematic dependence on the diffraction
angle, while it should be constant if the measure-
ment were conducted on an ideal condition. The

dependence can be explained by the effects of the
zero-offset error in the goniometer angle and the

aobs =

(3.13)
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Fig. 7. Diffraction peak profiles varied on the different
open angles of the divergence/scattering slits. The open
circles denote the experimental values and the solid lines
are obtained by the curve fitting. The vertical arrows
show theintrinsic peak positions evaluated by the fitting.

sample displacement from the goniometer center.
The peak shift for the offset error of D2Q, and the
sample displacement of Sisgiven by

2Scosq

D2q = D2y, - TO
Therefore, the following relation is derived:

: D2 Scogg, 6
as n(i:aao _D2Q o 9

e 2 R
sinqg,

where a is the true lattice constant of the sample.
The results of least squares fitting with variable
fitting parameters of the zero-offset error D2Q,
sample displacement S and the true lattice con-
stant a, are shown as solid lines in Fig. 8. Asis
seen in Fig. 8, the model fairly well reproduces
the observed dependence of aws. The estimated

(3.14)

a,. = 8 (3.15)

obs
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Fig. 8. The lattice constant of LaBgs estimated by profile
fitting. The open circles denote the values caculated
from the positions estimated for experimental peaks, and
the solid line is the fitting curve calculated by Eq. (3.15).
The upper, middle and lower panels show the data from
the divergence/scattering angles of 0.5, 1, and 2°, respec-
tively.

lattice constants are 4.15687(2), 4.15685(1) and
4.15695(1) A for the three different measure-
ments, which are all coincided with the specified
value of 4.15695(6) A, when the error of tempera-
ture control and thermal expansion of the material
are taken into account. The values of the zero-
offset error and sample displacement estimated at
about D2Q,=-0.05° and S=-0.05 mm are also rea-
sonable. It should be emphasized that such a pre-
cise vaue of lattice constant has been determined
without any use of standard materials.

3.2.2. Profiles Dependent on Sample Transpar-
ency

In order to clarify the change in the experi-
mental peak profile varied on the sample transpar-
ency, samples of diluted LaBs were prepared as
follows [5]. The LaBs powder was mixed with
soluble starch (CgH100s; Wako Pure Chemical)
and 2~3 ml of water with a mortar and a pestle.
The mixtures were freeze-dried and ground again,
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Fig. 9. Diffraction peak profiles varied on the sample
transparency. The open circles denote the experimental
vaues and the solid lines are obtained by curve fitting.
The vertical arrows show the intrinsic peak positions
evaluated by thefitting.

and the dbtained bulky (~0.5 g cm®) powder was
used for measurement. The linear absorption coef-
ficient of the Las/starch mixture has been esti-
mated from the mixing ratio and the apparent den-
sity of the powder sample.

Figure 9 shows the results of profile fitting for
the 321-reflection peaks of two different samples
with the penetration depth (the inverse of the lin-
ear absorption coefficient) of m'=0.34 and 1.19
mm, which are similar to or larger than the sample
thickness of 0.5 mm.

The calculated profiles fairly well reproduce
the change in the experimental profiles, which
show the heavier distortion of the profile for the
higher transparency and also considerable shift of
the apparent peak position. No systematic trend
has been left in the difference plot for the sample
with the penetration depth of 1.19 mm, which
means that the experimental profile has been per-
fectly simulated by a priori calculation, and the
profile fitting has extracted all the information
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(intensity, position and background) involved in
the experimental profile.

The lattice constants, evaluated by the same
way as in the preceding section, 4.15709(12) and
4.15702(7) A for the sample of m" =0.34 and 1.19
mm, respectively, are both coincided with the
specified value within the experimental errors.

4. Profile Function for High-Resolution Syn-
chrotron X-ray Powder Diffractometers

4.1. Model Function

It can be expected that most of optical aberra-
tions, flat-specimen, sample transparency and dis-
placement, are removed by use of synchrotron
radiation with negligible beam divergence. The
axial divergence of the diffracted beam cannot be
neglected even in the case of synchrotron X-ray
source, but it is easier to be modeled than the fo-
cal geometry, where divergence of both incident
and diffracted beams should be simultaneously
taken into account.

As shown in Fig. 10, a high-resolution syn-
chrotron X-ray diffractometer is usually attached
with a crystal analyzer and Soller dits on the dif-
fracted beam side. Hastings et a. have tried to
derive amodel profile function for such geometry
[19], but it does not seem to be successful, be-
cause some confusion is found in their treatment
of transparency function for the Soller dlits and
the normalization factor of the profile function.
Although Finger et a. have suggested that the
model proposed by van Laar & Yelon for neutron
diffractometry is also applicable to the synchro-
tron diffractometry [18], it is hard to justify such
an overextended application to the clearly differ-
ent geometry of the optics. The high correlation
within the fitting parameters, frequently given by
the method of Finger et al., also discourages ap-
plication of their method to synchrotron data

Furthermore, as it has been known that the
observed profile is sensitively deformed by dlight
deviation of the normal direction of the crystal
analyzer from the eguatorial plane, a model capa-
ble of simulating such a behavior is strongly re-
quired for practical use.

Then, we have derived practical mathematical
models for instrumental functions and peak profile
function, including the effects of slight misalign-
ment of the crystal analyzer, the detail of which is

( Top view ) H
—_— ﬂ_)
specimen 5
oller
slits Crylstal scintillation
analyzer counter
( Side view )

Fig. 10. Schematic illustration of a high-resolution synchro-
tron X-ray powder diffractometer.

given in Ref. [20]. In the current article, a simple
formulafor the profile model function synthesized
by the convolution of Lorentzian function with the
instrumental function for the diffractometric op-
tics with a well-aligned analyzer is briefly pre-
sented.

4.1.1. Instrumental Function for High-Resolution
Synchrotron X-ray Powder Diffractometers

When the crystal analyzer is well adjusted,
and the effect of the deviation of the normal direc-
tion of the analyzer face from the equatorial direc-
tion is negligible, the instrumental function iswell
approximated by the following simple formula:

N

11 &exs” U

f—6&—= -10for0< <1
wi)=lol S, 0,

% 0 elsewhere

(4.1)

2

g,° - F2H (cotg +tanQ,) (4.2)

where F  is the open angle of the Soller dlits, 2q
the diffraction angle, and Qa the analyzer reflec-
tion angle. Note that al of the parameters have
clear physical meaningsin the above expression.
Figure 11 shows the shape of the instrumental
function. As can be known from Eg. (4.2), the
instrumental function shows lower angle tail for
the diffraction angle: 2q < p/2 + Qa, and higher
angletail for the diffraction angle: 2q > p/2 + Qa.
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Fig. 11. Profile of the instrumental function for synchro-

tron X-ray powder diffractometers.

4.1.2. Peak Profile Model

The model for the diffraction peak profile is
derived by the convolution of any functions with
the instrumental function, which can generally be
evaluated by numerical integral. The convolution
of the Lorentzian function with the instrumental
function given in the Section 4.1.1 can be ex-
pressed by the analytical solution represented by a
combination of elementary functions. The analyti-
cal solution is expressed by the following equa-
tions,

1 X gA
p(X9..94)=—f
( L A) LAggL gLQ
1 V+p+w
fialu,v)= 2pvvp|nv- orw
+i§p—) arctanug
pwq 4 g
2 e
- _@p - arctangT M u%
pV al
forv>0
fLA(u’V): fLA(" u,- V)
wO Ju®+1,p° J2v(w+u),q° /2v(w- u)

As the above formulae only include three square
roots, one logarithm and two arctangent functions,
the evaluation can be quite rapid as well as the
partial derivatives by parameters are easily ob-
tained, if necessary.
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4.2. Experimental Validation of the I nstrumen-
tal Function for High-Resolution Synchrotron
X-ray Powder Diffractometers

The validity of the model peak profile func-
tion given in the preceding section has been exam-
ined by profile fitting procedures to the experi-
mental peak profiles. The diffraction data of stan-
dard silicon powder (NIST SRM 640b) were col-
lected with a high-resolution powder X-ray dif-
fractometer MDS [21] on the beamline BL4B2 at
the Photon Factory in Tsukuba. The Soller dlits
limiting the axial divergence to be f,4=1° and
Ge(111) flat crystal analyzer, the Bragg angle of
which is Qx=6.2° for the wavelength | .=0.707 A,
were |located on the diffracted beam side.

The 111, 220 and 311-reflections of S were
simultaneously fitted with the sum of the model
functions. The instrumental parameters, the axia
divergence angle and the Bragg angle of the ana
lyzer, were treated as fixed parameters. The inde-
pendent variable parameters for the fitting were
the locations, intensities, Lorentzian widths and
background parameters, that is, it is virtualy
equivalent to the simple fitting with the sum of the
Lorentzian functions.

The results of the fitting are shown in Fig. 12.
Although the experimental peak profile is signifi-
cantly different from the Lorentzian profile, the
convoluted profile function quite well reproduces
the observed profiles. The R-factors for the profile
fitting, Rw=2.2%, R,=1.5%, are quite small val-
ues, and systematic deviation of the model profile
is hardly detectable in the difference plot.

The good coincidence between the observed
and calculated profiles suggests that the intrinsic
peak profile is close to the Lorentzian profile.
However, the effects of spectral width and/or the
slight divergence of the source X-ray may be in-
cluded in this Lorentzian component. Although
the model function is considered to be valid for
the evaluation of intensities and positions of the
diffraction peaks, a precise model for monochro-
mating optics is needed for further detailed dis-
cussions about the line width.

5. Conclusions

Practical model functions for diffraction peak
profiles expressed by the multiple convolutions
with the valid instrumental functions, applicable
to the most frequently used focal (Bragg-Brentano
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Fig. 12. Peak profiles of standard Si powder measured with a synchrotron X-ray powder diffractometer.

The open circles and solid lines in the upper panel denote the experimental and calculated profile, re-
spectively. The solid and broken lines in the lower panel are the difference plot and the standard devia-
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type) geometry [4, 5, 7], and to high-resolution
synchrotron X-ray powder diffractometers [20],
are proposed. The convoluted model of the profile
function is not only preferable for the loss of theo-
retical ambiguity compared with the empirical
model functions, but is aso practically convenient
because it enables automatic correction of aberra-
tions caused by the instruments. It is expected that
these functions will be widely utilized for profile
analysis, decomposition of overlapped peaks and
Rietveld refinement.
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